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coqiiit

e FHHINRIABYThierry CoquandfiGérard HuetF %

o =—METEEHE (Calculus of
Constructlons) 3z B3\ EIEUERARS

0NV A WN R Y

Users > borak > Desktop > #IEZH ALY > examples > ch4 > @ explv MAIN @ SHELVED @6 GIVEN up @
Theorem and_comm : forall P Q : Pr‘op, P/\Q->Q /\ P.
Proof. P, Q:
intros P Q H. (* 5IABRI& *) H: p 0
destruct H as [HP HQ]. (* #ff# H: P /\ Q 79 HP:P Hl HQ:Q *)
split. (* BB Q /\ P IFHAAETFEIR *)
- apply HQ. (* UWEBASE—1FEIF Q *) | | (1f1)
- apply HP. (* IEBAEZTFEIR P *) o
Qed.l

" wmmas - AN

E X H ?éﬂ”ﬂlu;i& s e
M O TE AR L8 LT (B

MEEMFIZ)
TH&R5r: HAIFREIE
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coqry A5k

EFCoC (Calculus of Construction) HBJF8H

o 1985%:
A (~V4.10)

e 19914 : ETFCIC (Calculus of Inductive
Construction) HJ (V5)

o 19985 : SIAT BaILREE, ZFFEINURIERAEE

e 20054 : POtaxEIHEERA

o 20064 : Zidcoqit LI IERIC4M1EESCompCert

o 20125 : HHM EIEUERR

e 20134F: ACM EHHRZEXK

8,2017F~: ETFcoqlaub/%E I Tl ik E RSk :




ThgE1: ERRBITF
o EBRENFEcoqtIBLHLE)

> .F’iﬁ*)\?av, A =E o
S EE LT, B§—HHRNE

Y
ot
|

EE__

F R ICHIHETED

AT

C: > Users > borak > Desktop > #I2iBE AL > examples > ch4 > ) explv
Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.

Proof.
intros P Q H. ( o *)
destruct H as [HP HQ]. (* iFfi# H: P /
split. * EEHAR C

- apply HQ.
- apply HP.
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UERA R 251

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof.
intros P Q H. (* 3IARIE *)
destruct H as [HP HQ]. (* #Ff# H: P /\ Q 79 HP:P #1 HQ:Q *)
split. (* ¥Bir Q /\ P IRDAWINFEIR *)
- apply HQ. (* JEBASE—1F BT Q *)
- apply HP. (* JEBAEE—1~FB4R P *)

Qed.
X pEiA BTR AR
Theorem | IEFSRH L NRFEF Y function EX . AT

Lemma (5|3), Example (f5IF),

KRBFRE |fEcoq, EEHAR = KE,

Proof FI6IFER (AT RESYI#R, |7R goal F context,

Qed GHRIERR | A=A goal #MREA BEHAIT

WBAIZERA |coq NE—ITHSHEZLUAISEE.
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Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof.
intros P Q H. (* 3IARIE *)
destruct H as [HP HQ]. (* #Ff# H: P /\ Q 79 HP:P #1 HQ:Q *)
split. (* ¥EB1x Q /\ P IFZARITFHEIR *)
- apply HQ. (* JEBRE—NFBAR Q *)
- apply HP. (* JEBAEE—1~FB4R P *)
Qed.

5 17t ER s 17t ER
forall |V (Ef=IidE)| exists |3 (FE=E1A)
\/ vV (1Z353K) /\ A (1ZEES)

‘> — (BR) - ~ (1Z2383F)
<-> - (FM) = = (tH5)

<> # (%)
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Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof.
intros P Q H. (* SIANRI&Z *)
destruct H as [HP HQ]. (* #Ff# H: P /\ Q 79 HP:P #1 HQ:Q *)
split. (* ¥Bir Q /\ P IRDAWINFEIR *)
- apply HOQ. (* JEBRSE—1NFBF Q *)
- apply HP. (* JEBAEE—1~FB4R P *)

Qed.
=W | (ERSE 188
intros | 9921 77 I3 \Eig. BLHE NI L T,

Context

destruct | #{F goal |IFMERB. HEHRB (A0 H) H{HH-

| - Ey B, BERNEL (e /\ o) 4
split | #¥Egoal |y ma o mis.

context |NMUEE. AEARIEREERLAEHFR L]
=> goal |BH#r.

apply
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Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P. -I- YT T . e — R T
Proof.
intros P Q H. (* BIAfB& *) —
destruct H as [HP HQ]. (* ¥Ff# H: P /\ Q /9 HP:P F HQ:Q *) Sorall b O 5 BGE, B O < W LR
split. (* ¥BR Q /\ P DA DFEIR *)

- apply HQ. (* JEBASE—1FEAR Q *)
- apply HP. (* IEBEEZNFBIR P *)
Qed.

2026/3/27 0



WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P. et -
Proof. P, Q:
intros P Q H. (* 3IARI& *) A
destruct H as [HP HQ]. (* #KfiZ H: P /\ Q 79 HP:P 1 HQ:Q *)
split. (* BB1F Q /\ P FDHWAIAFELF *)
- apply HQ. (* IEBASE—TFBR Q *) (1/1)p
- apply HP.  (* iEBAE=AFBF P *) Q

Qed.

o HIEE N : BLeIr&EIE forall FMEESHIY -> BEiE L
X H,

o IZIEMHIE: RIRTFEAEMmPMO, FHEMREIENBE— LR
HIERA TP /\ QRK3iZ.

L -
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WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof. P, Q: Prog

intros P Q H. (* §IARIZ *)

destruct H as [HP HQ]. (* #5f# H: P /\ Q 79 HP:P #1 HQ:Q *) _
spiliiE. (* BEIF Q /\ P KANHENFEIT *) B0
- apply HQ. (* IERASE—NFEHF Q *)

- apply HP. (* iERREZ—FHI5 P *) (1/1)
Qed. Q

o HR{EEN: BEMM (/\ E) . BRARBHERZ P /\ O
W, B RBERERS: PHIUEIEFQMIWENE. H—
i, ?Jzﬂ]?lﬁ EA1HRFER, 7934 R AEPFIHQ.,

o TIEMRIE: BRAAFFEPFIOENE, AFEMIE PAE’
1EEcontextEJ, up, 1 ‘QRE’ idffcontextH,
i HO,

HY
Va7

‘
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WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P. T ST S
Proof. P, Q: F

intros P Q H. (* SIARIZ *) up: p

destruct H as [HP HQ]. (* #ffiZ H: P /\ Q 79 HP:P F HQ:Q *) _

split. (* BEFF Q /\ P HAARNFE *) E K

- apply HQ. (* JEBASE—1FBIR Q *)

- apply HP. (* IEBREZFBIR P *) (1/2)
Qed. Q

£2/2)

P

o HRIESN: ?I)\%JJ”J (/\ 1) . HaiHfrZEr/\Q, EiF
e, BRINEESHNFEBofIP. X2F— 1 NEIirn A
N FB¥r.

o FIEMIN: BIERXPTKRESRE, HiFLREQ, BIREP.
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WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof. P, Q:

intros P Q H. (* SIARIE *) Hp

destruct H as [HP HQ]. (* #Ff% H: P /\ Q /9 HP:P #] HQ:Q *) )

split. (* BB Q /\ P HHAFRIFER *) i e

- apply HQ. (* IEBAE—1FB1F Q *)

- apply HP. (* JEBREZ1FBIR P *) (1/1)
Qed. <

|||

o BRIEEX: goal 17 %EHHQO W& context, LI
BIFFAHO: Q. BEENHTE.

o ZiIEMHIZE: {REIEAAQ? RFENIFH/OIEEHD, X
e

L -

2026/3/27 14



WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof.

P, :
intros P Q H. (* 5|AfRIZ *) HP ;Q
destruct H as [HP HQ]. (* #Ff# H: P /\ Q 9 HP:P # HQ:Q *) )
split. (* ¥EBF Q /\ P IRONFATEE %) - 9
- apply HQ. (* JEBASE—1FBIF Q *)
- apply HP. (* JEBASE =N FBIF P *) F(Jlll)
Qed.

|||

o HIEEN: goal 2% %ﬁEEﬂPO K& context, &KIP=
BIFsFBHP: P, BERNATE.

o ZIEMRIE: {REEIERAP? I FENFHPHYIESR
IE

il
S
Hop
Dt
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WERRRYIE 3=

Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ P.
Proof. Proof finished
intros P Q H. (* 3IAfRIE *)
destruct H as [HP HQ]. (* 1ffZ H: P /\ Q 3 HP:P F HQ:Q *)
split. (* BB Q /\ P IRDARTFER *)
- apply HOQ. (* IEBAE—1FBAR Q *)
- apply HP. (* IEBAEE - FEIR P *)
Qed.

VI v D1 LV L v IV LN W v

o BMEENXN: WETMK, KEEFRFEIES.
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E z{L1UERA

o2

£ ProofView: exp6.v

) exp7.v ® expb.v ®

= Settings X
C: > Users > borak > Desktop > #I2iBIEAL > examples > ch4 > € expbv

SHELVED @@ GIVEN UP @@
Theorem math_magic : forall x y z : nat, 5 YV, Z:nat
> 10 -> (* iz x KT 10 H: x> 10

X+ 5 -> RiZ y = X+ 504 d: Yy =X+5

y*2-> zZ>y *2

(1/1)
zZ > 30

intros.

2026/3/27




Ij] ﬁgz d éﬁ*&.’.ln =

e cogRYIBS: Gallina

> —MAIR A RIZIES
REBTEME, BIE—ZUEAAIZIK
R, MAFERA/XNR, (FAEFN—FOR
> SRR
cogFRITBRHVMERIRTALRILE
1548 R G B AT S 4
» FENRE RS
R ERE
FisE 8

2026/3/27
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%5&?‘ 7< 5']

(* 1. EXMFEERE (EMF Python RYIEYT) *)

Fixpoint fact (n : nat) : nat : Proof finished
match n with
| 0 => 1 (* 9! = 1 *)
| Sp=>n*Ffact p (¥ n! = n * (n-1)! *)

end.

Example fact_5_is_120 : fact 5 = 120.

Proof.
| reflexivity. (* HB&: WHE—T, —HmMT! *)
Qed.

2026/3/27 19



i 3fe

Require Import Arith. Proof finished

Fixpoint fact (n : nat) : nat :
match n with

| @ => 1
'S p =>n * fact p
end.

1l
(o))

Example fact_3 manual : fact 3
Proof.
replace (fact 3) with (3 * fact 2).
replace (fact 2) with (2 * fact 1).
replace (fact 1) with (1 * fact 9).
replace (fact ©0) with 1.

reflexivity.
reflexivity.
reflexivity.
reflexivity.
reflexivity.
Qed.

2026/3/27 20



IhEed: ™IREVIZIE RSt
e Curry-Howard Correspondence

» BB AGMEIZIES £ F 2R
> e BNZERY | UFBRBNFZE~

Propositions as Types,

Proofs as Programs

o ZIEES: IEAAIAR A B H B-.C, #ar.c

o HIE(ESS: MRILB—NE "FEREXEE" BT (&
W), THE—NE "EETAAEN" BIWLEE (FHg),
e EL—1 “BEREERTHRANL" 8995
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Curry-Howard Correspondence

JEL3=E AR PO SELN
Rl (Proposition P) R (Type T) Definition P : Prop := ...

HUERA (Proof of P)

{E/Xt5 (Instance of T)

Definition p_proof : P :=

fun (x:A) => ...

=E (A->B) K& (Function A -> B)
H (True) Ea T2 A (Unit Type) 2R True, & |
{8 (False) z A (Empty Type) £KA False (FcfB)
B (And N\ FALRY/ITLB (Product/Pair) |(proof A, proof B)
_ , . left proof A =¥ right
g (Or V) FAEREX SR (Sum/Union) T

£ #R (Forall x) {#5FH (Dependent Product) |forall x:nat, ...

F7 (Exists x) fkHiIL 1% (Dependent exists x, ...

Pair)

2026/3/27
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R #3472 Functional programming
i AR

® *22'L}EEE/L»:
UK

s W

B

WS UK AW T

public static int fib(int n) {

}

// 1. WRKEWEHE (State Initialization)
/] BITEXTH N “slot” a # b

int a = 9;

int b= 13

// 2. I3FETH] (Control Flow)

// FIFRITEANL N E

for (int i = 0; 1 < n; i++) {
int temp =
// 3. IREB (Mutation / Side Effect)
// XS TBE a NEREST, IBEBX
a = b;
b = temp + b;

}

return a;

2026/3/27

Z |8 RBY R ERSLINITR

HIEENBEREIMTELIE

(* SINERELUER +

Require Import Nat.

i~ 33

9= *)

(* EXERE: MA—TBERAH, RE—MEHAEK *)
(* Fixpoint RAXE—TEIIRKEL *)
Fixpoint fib (n : nat) : nat :=

(* RINLHE: BEF n KTAFE? *)

match n with

| 0 => 0@
(* BNl RZE 0, ERFM=E 0 *)
| S 0 => 1

(* B2 NRE 1 (eNE4), ERME 1 *)
| S (S n') => fib n' + fib (S n')
(* B3 MNER n'+2, ERZ:. AR ZHA *)

end. o4



B B R 4RFE Functional programming4)

o F¥E1: AAILEM (Immutability)
> BIE—BOE, KNI

| S (Sn') => fib n' + fib (S n'")
(x 553 MNRE n'+2, ERI: AFETIZM *)|

o FF2: R E—F AR (First-Class Functions)
> RMAEE—F, ATLUEASHNREME/ZARE Z451
Fixpoint fib (n : nat) : nat :=
o FFM3: 4hipR¥ (Pure Functions)
> RBAEBAMETEE, WMA-HLAHE

2026/3/27 25



Gallinaf2 [ F=##ERE + R
WHEALEY PRI 2]

o 1EAH: BX “HF&E” o 1EA: EX “TH#”

o FHRY: VANEB IR o HRk: BV

o TILIIBMRRREC/Javatily |e FILUIEREKEC/Javar
recursive enum finite loop

PRI AL
: LIS RENRZE
TS, TN %A e 45 DL B Hv i
¥Rk : 4154 match n with XXXX end.

x00d @ A PATRER Y 2 C/Javad gYswitch-case




VALHRBE X

o Coq H/LTBHIEXRBE Z1®IY Inductive ENXHY
Inductive type_name : Type :=
constructorl

constructor2

constructorN.
E R AR 2 FR

ESTTOE S T
» Sort = {Type, Prop, Set}

® constructor: ﬁﬁ%ﬂﬁﬂ%@iﬁ_ﬁiﬁ

L -

e type name: iZ#

o Type: XM

N

2026/3/27 27



Mt RE

o FTLLEIEFIHFTA T ER IR AR

Inductive day : Type : Inductive bool : Type :=
monday | true

RHeseay | false.
wednesday

thursday
friday
saturday
sunday.

2026/3/27 28



SEAaRE

o BESHU A EHIERIIE

Inductive rgb : Type :=
red

green

blue.

Inductive color : Type :=

black

white

primary (p : rgb).

(* primary MEFHEF— rgb B *)|

2026/3/27 29



A EEASiL

o WIATENXERE?

o IENIE
> Eff: 0g— E N
> YA ﬁﬂ%nl—e RE, NMinpfE4es nth 2 BRE

o COqQHHY B FAHAA! nat

Inductive nat : Type :=
| O : nat
| S (n : nat) : nat.
(* 53|HTEE! *)

2026/3/27
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EYAARE: FIEHY

(* 1. FEXEH z (XBEPRAEXRY) *)
Inductive Z : Type :=

| zo : Z

| Zpos : positive -> Z

| Zneg : positive -> Z.

(* 2. BEXBEE Q, ME— 1T 0 EH *)
Inductive Q : Type :=

| Omake (num : Z) (den : positive).

(* num / den *)

o EEAILAMIESEH?
> Inductive BEXBRTHEFT
> coQALIBSE AT : AIBME N or TLIY ek F AR

2026/3/27

—
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JE1E YA 2K 2 Definition

o XHF: Definition

Definition name (argl : Typel) (arg2 : Type2) : ReturnType :
‘ body.l

e EX—1TZE%E “5” K andb

Definition andb (bl:bool) (b2:bool) : bool :=
match bl with

| true => b2

| false => false

end.

2026/3/27 32



BRI Z 0L E . #R TS PTED
o coq ME—RYALTE & ZLHHERVAL S

match val with
| constructorl vars => resultl
| constructor2 vars => result2

(nm

end
> constructor varsm—NTEEMIEELEW, IIRY

EfESE, NEXFERAAvars
> WMB ST AR RERVAIE T
> M EBITIEES, TR IENSLE
> SFAROCEE, TR TXI% KB

2026/3/27 33



i3 e5 # Fixpoint

e S niHIA T n+l, ABAMFEIAN+m?

o Xi#F: Fixpoint
» BEAR T BSRiE/3RE

Fixpoint plus (n : nat) (m : nat) : nat :=
match n with

| 0 =>m

(* WE n Z 0, ZEEFZE m *)

| S n' =>S (plus n' m)

(*WNEB n 2 S n', ERZ n'+m BIFY *)

end.

34
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PR 2 B FF 1
o LHt{Li%)3

> #Z0PRE: Br A coq RBA LI

IR RN EVFIPRSH L SRS H N
Sn'" =>S (plus n'" m)

ZNR
> R A LMEASRRIE
> RKEF: fun

Definition do_twice (f : nat -> nat) (x : nat) : nat :=
f LF x).

(x FEREMRXE *)

Compute (do_twice (fun x => x * x) 2).

(* (2%2) * (2*2) %)

M

35

2026/3/27



S
o AFAFANIRILFEcoqhE AERTIAR ?
> plus (plus 1 2) 3

o xHA]: Notation
Notation "x + y" := (plus X y)
(at level 50, left associativity)
(* RRATAAN): fRAERSEEY *)
: nat_scope.

(* fEREL: JEFRTSIRX *)

> MERFRMA, MEEBS
- EHG: Bk AEE: kA

(]
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coqHYHERA SR K

e COqQUERARI =%
> fmBA: Theorem / Lemma / Example+3§%+ A

> #ES: Proof. + —RFITRKHEE

> UEEE: Qed. .
',‘=L'| ﬁu,ﬂﬁF
Theorem and_comm : forall P Q : Prop, P /\ Q -> Q /\ =i - context
Proof. P, Q:
intros P Q H. (* SIAfRIZ *) HP: P
destruct H as [HP HQ]. (* i H: P /\ Q 73 HP:P A _
split. (x B Q /\ P FHNFEAFESE *) N
- apply HQ. (* IERAE—1FHBIR Q *) -
- apply HP. (* JEBAEZ1FBIR P *) f(l/l) )
Qed. Q /\ E
HFRLEIL
. goal |

2026/3/27 38



SIANRIE intros

o JFEfrEIforalliZE S aIE ->MgoalZEiZEcontext
> intros x: BT HEldforall xlITEx

—t

> intros H: BEIESHIHE|context, HIGdiZH AH

Theorem plus_O_n : forall n : nat, @ + n = n. s -l
Proof.
intros n. (* <--- XFEX—T *) ——

forall n : nat, © + n = n

7

. : . - e IVIAIN Wl SHELVI
Theorem plus_O_n : forall n : nat, @ + n = n. o
Proof. n nat
intros n. (* <--- KFEX—IT *)
(1/1)

O+ n =n



B ITHE simpl
o RIFTRBNINREE FHITIHE/NIY

Theorem plus O n : forall n : nat, @ + n = n.
Proof.

intros n.

simpl. (* <--- KFEX—1T *)

L -

i

@

IViMmiiN i

il

Theorem plus O n : forall n : nat, @ + n = n.

Proof. n: nat
intros n.
simpl. (* <--- KFX—IT *) (1/1)
n =n

2026/3/27 40



BRM reflexivity

o IFRAYRTHcontextZE T goal

> NEET,AAF0,4,A
> M simplXfip KRR BT R/ LY

Theorem plus_O_n : forall n : nat, @ + n = n. e o
Proof. . b

intros n.

simpl. (* <--- XEX—T *) —

} } n =n

e EEEEEEE—— oo MAIN 70
Theorem plus_O_n : forall n : nat, © + n = n. .
FROCE Proof finished

intros n.

simpl.

reflexivity. (* <--- XFEX—IT *)

2026/3/27 41



FNEE

2026

rewrilite

I F R TE R
> H: XXX = YYY

> rewrite -> H. FRA
> rewrite <- H. JZ¥H#Fxr"

VEAS

HIXXXEHE Y YY
s EI’JYYYE%TUJXXX

Theorem rewrite_example : forall n m : nat, F
n=m~->n+n-=m+ m. n, m: nat
Proof.
H n m

intros n m H.
rewrite -> H.
reflexivity.
Qed.

(* H Bz n = m *)

(* 8 n B m *)

(1/1)
! ] n+n=m+m

Theorem rewrite example : forall n m : nat, Bt
nN=m->n+n=m+m. , m: nat
Proof.
. B3 /pa>sL H n =m
intros n m H. (* H 2fRI& n = m *)
rewrite -> H. (* # n ZFHIEL m *)
reflexivity. (1/1) 42
m+m=m+m

Qed.



The Road Ahead

o 1IESHFI4:
> BEZHE: St HifELists
> BIRARE: 2SS R

> BIEKRAIRMG: apply, injection,
discriminate, destruct, induction

gl

o TR
> Wik ZEE: aEl P
> Wn3EaiZ e foE- EE'—*?'@HW Curry-Howard

correspondence

> WAl TIEIE . Bah{tRA%auto, Ltac, eapply

2026/3/27
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